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Moment Induced by Liquid Payload During Spin-up
Without a Critical Layer

Charles H. Murphy*
U.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland

For a fully spun-up liquid pay load, eigenfrequencies and liquid side moments induced by projectile coning
motion have been computed by a linear boundary-layer theory. For partially spun-up liquids, this theory can fail
due to the presence of a critical layer in which the local angular velocity of the spinning motion is near the
angular velocity of the projectile's coning motion. Late in the spin-up process, when more than 90% of the spin
angular momentum has been acquired by the liquid, a critical layer usually does not exist. In this paper, a linear
boundary-layer theory is developed to predict eigenfrequencies and the liquid moment during late spin-up times.
The predicted eigenfrequencies agree well with those computed by the linearized Navier-Stokes technique of
Gerber and Sedney. The side moments predicted by the linear boundary-layer theory are available to projectile
designers for flight stability analysis.
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Nomenclature
radius of a liquid-filled cylindrical cavity
one-half the length of the liquid-filled cylin-
drical cavity
liquid angular momentum ratio, Eq. (7)
K10exp(i<t>JO)
magnitude of the coning motion
K(a/c)Re~1/2

mass of liquid
liquid pressure
liquid pressure perturbation
radial coordinates in inertial and aeroballistic
systems, respectively
the front: the r value separating the rotating and
nbnrotating fluids
Reynolds number, a2 <$>lv

=time
components of liquid velocity perturbation in
the inertial system

Vx, Vr, Ve = velocity components of the liquid in the inertial
cylindrical system
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T
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average value of iv, Eq. (21)
axial coordinates in inertial and aeroballistic
systems, respectively
angles of attack and sideslip, respectively, in the
aeroballistic system
parameter in ke , usually 0.5
exponential damping per cycle of coning motion
azimuthal coordinates in inertial and
aeroballistic systems, respectively
kinematic viscosity
liquid density
nondimensional frequency of the coning motion
eigenvalue of T
spin angle, <$>t
orientation angle of K
spin rate
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Introduction

THE prediction of the complete moment exerted by a spin-
ning liquid payload on a spinning projectile performing a

pitching and yawing motion has been a problem of con-
siderable interest to the Army for some time. For a fully spin-
ning inviscid liquid, the linear side moment was first computed
by Stewartson1 by use of eigenfrequencies determined by the
fineness ratio of the cylindrical container. Wedemeyer2 in-
troduced boundary layers on the walls of the container and
was able to determine viscous corrections for Stewartson's
eigenfrequencies, which could then be used in Stewartson's
side moment calculation. Murphy3 then completed the linear
boundary-layer theory by including all pressure and wall shear
contributions to the liquid-induced side moment. The
Stewartson-Wedemeyer eigenvalue calculations have been im-
proved for low Reynolds numbers by Kitchens et al.4 through
the replacement of the cylindrical wall boundary approxima-
tion by a linearized Navier-Stokes approach. Next, Gerber et
al.5'6 extended this linearized Navier-Stokes technique to com-
pute better side moment coefficients for Reynolds numbers
less than 10,000. Finally, the roll moment for a fully spun-up
liquid was computed by Murphy.7

Since liquid payloads can require as much as half the flight
time to reach full spin-up,8 considerable theoretical effort has
been expended on predicting the spin-up process and its effect
on the liquid-induced moment. Wedemeyer9 developed a very
simple model of the spin-up process, which has been extended
by other authors.10'12 The calculation of eigenvalues and side
moment during spin-up is, however, a difficult task. Karpov13

made use of a suggestion by Wedemeyer to obtain an approx-
imation for the liquid side moment. Reddi14 attempted to
solve the inviscid perturbation equations but had considerable
difficulty with a singular critical layer which is usually present.
A critique of this work is given by Lynn15 who did get a solu-
tion for axisymmetric waves for which no critical layer is pres-
ent. Sedney and Gerber16 extended their linearized Navier
Stokes perturbation to calculate spin-up eigenfrequencies in
the presence of a critical layer.

Although Sedney and Gerber have been able to overcome
the mathematical difficulties associated with the singular
critical layer, their method requires the solution of six com-
plicated first-order differential equations. This critical layer
occurs in an annular region in which the angular velocity of
the liquid spinning motion is near one of the two angular fre-
quencies of the projectile's transverse motion. Fortunately,
late in the spin-up process the critical layer does not usually ex-
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1st, and the simple linear boundary-layer theory can be suc-
cessfully extended to predict late spin-up eigenfrequencies and
liquid side moment. As we shall see, this approach involves the
solution of only one second-order differential equation.

Herein this theory will be derived for a liquid near full spin-
up and validity bounds in terms of flight time will be deter-
mined. Eigenfrequencies computed by this basically in viscid
theory are shown to compare very well with those computed
by the Gerber-Sedney linearized Navier-Stokes theory.
Finally, side moment calculations are made to show the
significant changes that occur during this late spin-up period.

Basic Equations
A fully filled cylindrical cavity with radius a and height 2c

will be considered. According to Wedemeyer,9 the spin-up
flow is driven by Ekman-layer flows at the flat end walls.
These Ekman layers draw fluid in near the axis, impart rota-
tion to it, and eject it near the cylindrical wall. The flow ex-
terior to these Ekman layers on the end walls and a boundary
layer on the cylindrical lateral walls can be approximated by a
two-dimensional rotating flow with circumferential velocity
Ve. A projectile attains full spin during 10-12 ms of motion
down a gun barrel. If the spin is assumed to grow from an im-
pulsive start at zero spin to a constant value of $, the resulting
circumferential velocity has the form

(1)

where <£ = </>£. The boundary conditions for \v are: (The proper
numerical way to treat these discontinuous conditions is given
in Ref. 17.)

w(r,0) = 0<r<a

dr
<t>>0

(2)

(3)

(4)

Wedemeyer derived a partial differential equation for
iv(r»0) which was numerically integrated by Sedney and
Gerber.12 The equation has the following form:

where

= -kt(l-w)*/5(r/a)3/5

laminar Ekman layers

turbulent Ekman layers

and kt and kt are defined in the Nomenclature. Wedemeyer
derived a very simple laminar Ekman-layer solution that has a
discontinuity in shear at an interior point.

where

l-(rf/r)2

l-(rf/a)2

r<rf

rf<r<a (6)

According to this solution, the flowfield is divided into two
regions: an inner core flow that is stationary and an outer
rotating flow. The boundary r—rf is an inward-moving front
where the velocity has discontinuous derivatives. A numerical
solution to Eq. (5), of course, does not have this discontinuity.
rf, however, is a useful measure of the extent of the spin-up
process. Laminar Ekman-layer flow solutions of Eq. (5) have

been computed for lte = 40,000, c/a = 4.0, and are compared
for an early time, <t> = 800 rad (rf = 0.6), in Fig. 1, and for a late
time, 0 = 2600 rad (/y = 0.2), in Fig. 2. The extent of spin-up
can be described by the ratio of the liquid angular momentum
to the fully spun-up liquid angular momentum:

(7)

In Fig. 3, / is plotted vs <|>/^fRe for several conditions. Note
that for larger Reynolds numbers, spin-up requires many more
revolutions; i.e., much more flight time. For <£ = 1000 s~7, the
liquid angular momentum is 95% of that of a rigid body in 1.8
s for laminar Ekman layers (Re = 40,000) and in 9 s for tur-
bulent Ekman layers (Re= 106).

It is How assumed that velocity components and pressure
can be expressed in a more general form than used in Ref. 3.

(8)

(9)

(10)

(11)

-ie

where

(12)

Re - 40,000 c/a - 4.000

—Wedemeyer Solution (2.6)
—Numerical Solution of (2.5)

Fig. 1
and <t> =

Laminar flow solutions of Eq. (5) for Re = 40,000, c/a = 4,
800 rad.

Re = 40,000 c/a = 4.000
1.0-

0.8-

0.6-

—— Wedemeyer Solution (2.6)
-— Numerical Solution of (2.5)

0.0

Fig. 2 Laminar flow solutions of Eq. (5) for Re = 40,000, c/a = 4,
and 0 = 2600 rad.
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and R ( } is the real part of { }. The basic flow, w(r,<£), is a
function of time (</> = 00; the perturbation theory will be valid
when its variation with time is small during a period of coning
motion.

Next, it is assumed that the perturbation variables us, vs,
w5, and ps are not affected by the Ekman and Stewartson
layers and must satisfy the boundary conditions independently
by means of their own boundary layers. This assumption is
clearly somewhat arbitary but allows a first estimate of the ef-
fect of spin-up flow on the coning motion. This will be refined
in the future as our understanding of the fluid mechanics
improves.

The angular general motion of a spinning projectile is an
epicylic motion which is the sum of two coning motions. Since
the theory of this paper is linear, the response of the liquid to
the combined motion is the sum of its responses to each in-
dividual coning motion. Therefore, the payload is assumed to
be in coning motion defined by

where
(13)

Since (x,r,Q) are cylindrical coordinates in an inertia noncon-
ing axis system, it is convenient to introduce cylindrical coor-
dinates (x,r,&) in an aeroballistic axis system that cones with
the projectile. In the aeroballistic coordinates the walls of a
cylindrical container whose center is at the projectile's center
of mass have the simple coordinates f= a and x = ± c. At these
surfaces the liquid velocity components must equal the wall
velocity components:

vs=-(s-i)(x/a)K

(x/a)K (14)

As was done in Ref. 3, the perturbation variables are
separated into inviscid and viscous components where the
viscous components are" solved by boundary-layer
approximations:

Ps=Psi+Ps (15)

For the fully spun-up liquid, the boundary-layer analysis leads
to the following boundary conditions for the inviscid flow:

^-tfV = (i-s)(x/a)K

where

(16)

(17)

(18)

d (a/2c)(l + f)(2Rer1/2[ 1-is { (3 + fe ) / l
c (1 + is) L^/3 + is V7-/S1 J

da and dc are complex parameters whose real parts act like
displacement thicknesses, as can be seen from Eqs. (16) and
(17). Their imaginary parts indicate time lags in the fluid
response to the periodic wall motion.

During spin-up, the lateral wall boundary layer has a con-
stant Reynolds number and is essentially unaffected, but the

end wall boundary layer has an exterior flow of rw</> rather
than r</>. As a crude approximation it will be assumed that Eq.
(16) still applies during spin-up and the Reynolds number in
Eq. (17) should be modified by an average w.

=(s-i)(r/a)K

where

7 = — — \ wrdr}o

(20)

(21)

The inviscid velocity components satisfy the linearized
Navier-Stokes equation for an infinite Reynolds number.

dx

vsi = \2i(a/r)wpsi - (s- wi)a-^\D->
L or J

wsi = i(a/r)(s - wi)psi + (2w + r—- } a-^- \D
L \ or / or J

where

D = s2 -2wsi + 3w2 + r-
dr

(22)

(23)

-1 (24)

(25)

Equations (22-24) now can be substituted in the continuity
equation to yield a differential equation for psi.

(26)
Equation (26) has a strong singularity for constant-

amplitude coning motion when

r=w(r,</>) (27)

According to Eq. (27), the critical layer is located where the
liquid angular velocity is r and an internal resonance occurs.
For an inviscid calculation, very large perturbation functions
result and the much more complete linearized Navier-Stokes
method is necessary. For any fixed time, the minimum value
of w is its value at r = 0; i.e., w0 = w(0,<£). For a portion of the

c/a - 4
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A Turbulent Flow, Re -106

o Laminar Flow, Re - 4 x 104

a Laminar Flow, Re • 106

100 2 4 6 8

<t>/VRe"

Fig. 3 Liquid angular momentum ratio vs <j>/\lRe for c/a = 4,
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spin-up period, w0 is zero and then grows to unity, which in-
dicates a fully spun-up condition. In Fig. 4, spin angles for
which w0 is 0.11 are plotted vs Reynolds number. Since pro-
jectile coning frequencies are usually less than 0.10, this figure
allows estimates to be made for the region of validity of the
theory of this paper. For example, at a Reynolds number of
40,000, critical layers should not exist at projectile coning fre-
quencies for spin angles greater than 1200 rad. For a spin rate
of 1000 rad/s, this means that the theory of this report should
apply after 1.2 s of flight.

The solution to Eq. (26) has the form18

•J|=-(C/fl)[{(B0x/c)Re0(r)+

dekRek(r)sm(\ekx/c) (28)

where Re0, R^ and Rek are solutions of the following dif-
ferential equation with X equal to 0, X^, and \ek, respectively:

R" +r~

+ 2ri(s - wi) ~ 1D—^ — - \R = 0or J

where

\2=-(s-wi)~2D\2

R(0)=0, R(a) = l for X = 0

= 0, aR'(0)=l otherwise

X^ is selected so that

(29)

=0 (30)

and \ek is selected so that

Finally, B0 and the dek's are selected to satisfy the end wall
boundary condition [(Eq. 20)] by a least-squares fit and the
dfc's are selected to satisfy the lateral boundary condition

c/a - 4 w(0,(|)) = 0.11

10000 - — = - t =

O Laminar
• Turbulent

105
Re

[Eq. (16)] by a similar least-squares fit.18 When s = (e + i)r is
selected so that dm or dek is infinite, s is an eigenvalue and its
imaginary part is an eigenfrequency, rkn. (For fixed k, rkl is
the smallest rkn and T$n increases with increasing n.)

For the fully spun-up case, Eq. (28) takes on a much simpler
form since dek = Q,B0 = l,Re0 = r/a, and X^ = k(ir/2)[ 1 + 5C];
k is an odd integer.

Liquid Moment
The linear liquid moment in response to the coning motion

described by Eq. (13) can be expressed in the following form in
terms of the nonspinning aeroballistic axis system, X,Y,Z,
which pitches and yaws with the missile.

= mLa2<j>2T(CLSM + i (32)

The imaginary part of the dimensionless moment coefficient
CLIM causes a rotation in the plane of the coning moment and
is called the liquid in-plane moment coefficient while the real
part CLSM causes a rotation out of this plane and is called the
liquid side moment coefficient. Since CLSM affects the damp-
ing of the coning motion, and CLIM affects only the frequency,
prediction of CLSM is the primary objective of any theory. The
major components of the liquid moment are due to the
pressure on the lateral and end walls of the container. Lesser
components are due to the viscous wall shear on the lateral
and end walls; thus, the liquid moment coefficient can be
given as the sum of the following four terms:

= mpi + mp + mVt (33)

The pressure as given by Eq. (11) is specified as a function
of r and x. A linear approximation for pressure as a function
of f and x is

(34)

The pressure moments relative to the center of the cylinder are

J C j»27T

I v/?'0/?f Cn\ xe j\ ([ps
-c JO

ps (a, x)K~1 — (x/a) ] dx
*) —C

(35)

mpe=-i(a2c)-' \" [Ps(ftc)K-1-fw2(c/a2]fadr (36)
J 0

Table 1 Comparison of Navier-Stokes and linear boundary-layer
eigenvalues for£ = l, c/« = 0.600, and K = 0.443

Tf/a

0.300
0.235
0.026

NS LBL

a) Re = 30,000,
-0.3359 -0.3355
-0.3707 -0.3681
-0.4278 -0.4282

NS

n=\
0.012
0.010
0.007

LBL

0.010
0.008
0.006

Fig. 4 Spin angles for which w0 = 0.11 vs Reynolds number, c/a = 4.

b) Re = 50,000,
0.271
0.202
0.013

0.1526
0.1648
0.1745

0.1540
0.1642
0.1745

n = 2
-0.021
-0.018
-0.019

-0.00005
-0.012
-0.014
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Fig. 5 Eigenfrequency T31 vs spin angle # for Re-40,000,
c/« = 3.12, k = 3, /i = l, and K = 0.443. The curves are for Sedney-
Gerber NS theory (Fig. 5, Ref. 16), the circles are from linear
boundary-layer theory.
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Fig. 6 Liquid side moment coefficient CLSM vs spin angle for
r = 0.08 and the conditions of Fig. 5.

The viscous components of the liquid moment are com-
puted by the formula of Eqs. (7.2) and (7.3) of Ref. 3 by using
the new bounday condition for w5 as given by Eq. (14) and
replacing Re by waRe in the endwall boundary-layer profiles.

Numerical Calculations
In Ref. 16, Navier-Stokes calculations of eigenfrequencies

are given for Re = 5000, 30,000, 40,000, 50,000 and 2 x 106. dc
was taken to be zero, and laminar Ekman layers were assumed
for all cases except Re = 2xlQ6, which involved turbulent
Ekman layers. The degree of spin-up is indicated by rf/a as
defined in Eq. (6). This parameter varies from 1 to 0 as time
varies from 0 to oo (fully spun-up).

Table 1 compares the Navier-Stokes (NS) perturbation
values of r and e with the linearized boundary-layer (LBL)
theory values. In the first part of this table, the eigenfrequen-
cies for n = 1 are negative and, hence, no critical layer exists.
The frequencies agree well although the comparison of the
damping rates is much poorer. In the second part of the table,
for « = 2, a critical layer does exist for rf/a = Q.21 (iv = 0.02)
but the nonzero value of e seems to be sufficient to allow a
good evaluation of r. The very small value of e does indicate
the nearness of an instability. The NS value of damping in the
presence of a critical layer is a healthy value and shows the
power of this method in the presence of a critical layer.

In Fig. 5, the eigenfrequencies are compared for both
laminar and turbulent Ekman layers; and agreement is good
for later spin-up. The Navier-Stokes values are, of course, the

only ones appropriate for early spin-up. The LBL theory is,
however, the first to compute moment coefficients during
spin-up. This is not an intrinsic limitation of the NS theory
and approximate numerical codes are presently being
developed for the Navier-Stokes theory.19 An example of the
variation of the side moment coefficient with time is shown in
Fig. 6 for the conditions of the laminar curve of Fig. 5. For the
fixed coning frequency of 0.08, the side moment coefficient is
computed for </> ranging from 1000 to 2000 rad. This covers
the region between the disappearance of the critical layer and
the establishment of a steady-state spin profile. As could have
been predicted from Fig. 5, the peak occurs at 0= 1400 rad.
This, however, is the first calculation of the value of this peak
side moment coefficient.

For the conditions of Fig. 6, the fully spun-up values of r31
and its associated maximum CLSM are 0.040 and 0.312.
According to Figs. 5 and 6, at 0= 1400, these quantities are
approximately 0.08 and 0.36. Thus, the peak side moment
coefficient at this point of spin-up is 15% greater than its fully
spun-up value.

In Fig. 7, we plot the ratio of this maximum side moment
coefficient to its value at <t> = oo vs <j>. For the smallest value of
</> for which the critical layer is not present, i.e., 1000, the max-
imum side moment coefficient is 40% larger than its fully
spun-up value. In this figure, the corresponding plot for
Re = 2x 106 is also given. For the higher Reynolds number,
the spin-up time is much larger and is in excess of 40,000. At
the disappearance of the critical layer for <t> of 7000, the peak
side moment coefficient is 30% less than its fully spun-up
value.

Summary
During the later portion of the spin-up process, the period

of the circumferential flow is a function of radial distance
from the spin axis but is never near the period of the coning
motion, i.e., no critical layer exists. For this time period, a
simple linear boundary-layer theory has been developed to
compute eigenfrequencies and side moment coefficients. This
theory requires much less computational time than a more
complete Navier-Stokes perturbation theory but yields essen-
tially the same eigenfrequencies after the critical layer has
vanished. Projectile designers are now able to compute in a
routine manner side moment coefficients for over two-thirds
of the spin-up process.
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